Abstract-We present a basic formula for the coefficient of energy emission from an evanescent electromagnetic wave at scattering by a dielectric structure. The derived formula is interpreted in terms of interference of the evanescent wave incident onto dielectric medium with an evanescent component in its reflection from the medium. According to this formula the total amount of energy emission from evanescent wave at scattering by a 3D random medium is defined by the evanescent wave coherent reflection and can be evaluated with solution to a Dyson equation for the ensemble everaged angular spectrum amplitudes. The obtained formula enables one to estimate an upper limit of useful signal at information extraction from evanescent waves with the aid of a detection process where the evanescent waves have to couple on to propagating waves.
INTRODUCTION
Evanescent waves occur in different physical phenomena and suitable for several applications [1] . Recently an optical theorem for evanescent (near field) electromagnetic wave scattering by a dielectric structure was peseneted [2] . This optical theorem shows that an energy flux is emitted in the direction of the evanescent wave decay at mentioned scaattering. Note here the effect of energy emission from an evanescent wave is of basic importance for near field optics [3] bacause, in the detection process, evanescent waves have to couple on to propagating waves, even if the evanescent waves were enhanced previously, for example, by a negative refractive index material [4] . From the practice standpoint, it is worth finding a general and effective rule to estimate an upper limit of energy emission from an evanescent wave at scattering by a given material structure. The present report is devoted to resolving this problem for dielectric materials and, in particular, a 3D random medium. The last problem is especially intersting for devices used a waveguide propagation in the presence of turbulent medium around. Besides, the proposed analytical technique gives a better insight into the physical origin of evanescent waves couling to propagating waves.
The central point of the derivation is using a system of linear differential equations of the first order for angular spectrum amplitudes of local electromagnetic monochromatic waves going (propagating or decaying) forward and backward with respect to the embedding parameter into a 3D inhomogeneous dielectric medium. An original representation for the total energy flux along the embedding parameter is obtained as a pseudo-trace of the density matrix of angular spectrum amplitudes. The obtained representation reveals that energy emission from an evanescent wave explicitly relates with the interference between evanescent waves going (decaying) in opposite directions. This key result enables one to write the sought for energy emission coefficient in terms of the interference of an evanescent wave incident onto a dielectric medium with an evanescent component in its reflection from the medium. In particular, the evanescent wave coherent reflection by a 3D random medium slab is evaluated with a Dyson equation for the ensemble-averaged angular spectrum amplitudes. Some preliminary results of this work were presented earlier [5] .
LINEAR SYSTEM FOR ANGULAR SPECTRUM AMPLITUDES
Following [2] , we consider a dielectric medium with scalar dielectric permittivity ( r) occupying a region between the planes z = 0 and z = L of the Cartesian coordinate system x, y, z. The electric field E 0 α ( r) of a monochromatic electromagnetic wave with frequency ω incident onto the left boundary plane z = 0 is written as (2π
, where k ⊥ is the transverse to the z axis component of a wave vector k and the Greek subscripts take the values x, y, z with agreement about the summation over repeated Greek subscripts in what follows. The angular spectrum amplitude E 0 α ( k ⊥ ) of the incident electric field describes either a propagating or an evanescent wave, depending on whether
is a purely imaginary quantities, respectively. The quantity k 0 is the wave number in the background with dielectric permittivity 0 . An electromagnetic wave can be incident onto the right boundary plane z = L with an angular spectrum amplitudeẼ 0 α ( k ⊥ ) of the electric field. Split virtually the dielectric medium under consideration into a stack of slices with splits between them, as in [5] . The local electric wave fieldÊ α ( r) inside a split between slices is found to bê
Here F 1α ( k ⊥ , z) and F 2α ( k ⊥ , z) are angular spectrum amplitudes of local waves inside splits, going forward and backward, respectively, and renormalized by multiplying on the factor γ 1/2 k . One should remember that quantitiesÊ x,y ( r) given by this equation are in fact the components of electric field inside the split but quantityÊ z ( r) is in fact (1/ 0 ) D z ( r), with D( r) = ( r) E( r) being the displacement vector of the dielectric medium, according to the electromagnetic theory. As was shown in [5] , a vector -column F = (F 1 , F 2 ) with matrix elements F 1 and F 2 satisfies the following linear differential matrix equation of the first order
with radiative conditions on the slab boundaries
where
are renormalized angular spectrum amplitudes of incident waves going forward and backward, respectively. In Equation (2) Σ z = 1 0 0 −1 is the 2 × 2 block matrix generalization of the usual Pauli matrix σ z . Symbol δS denotes a quantity in the equation S = I + δS∆z for scattering matrix [2] of infinitesimaly thin slice of the medium, with slice thickness ∆z tending to zero and I being the identity block matrix. Elements of an infinitesimal scattering matrix δS are given in [6] and written in terms of the spatial Fourier transforms
, respectively, with respect to the transverse to the z axis component of the position vector.
Note that a solution to the boundary problem (2) and (3) can give not only the angular spectrum amplitudes of local fields waves inside the medium but also the S-matrix of the whole medium slab [2] as well, according to the limit relations
which gives the renormalized tensor transmission A(Ã) and reflection B(B) coefficients of the whole medium slab in the case of wave incidence onto the left (right) slab boundary.
TOTAL ENERGY FLUX REPRESENTATION
Now let's seek for a representation for the total energy fluxP z (z) along the z axis inside a dielectric medium in terms of angular spectrum amplitudes of forward and backward going waves. To this end, substitute the local electric field (1) into a well known equality for the Poynting vector P ( r) of a monochromatic electromagnetic field inside an inhomogeneous dielectric medium and integrate the z component of this vector over the (x, y)-plane. Some identical transformations lead to a desired result in the form of a pseudo-trace
Here the density matrix ρ(z) of angular spectrum amplitudes is defined by
, with the "star" superscript meaning a complex conjugate quantity. The symbols H pr (k ⊥ ) and H ev (k ⊥ ) denote projectors on a propagating k ⊥ < k 0 and an evanescent k ⊥ > k 0 waves, respectively. As can be seen, the contribution of propagating waves into the total energy flux along the z axis is related to angular spectrum intensities of forward and backward going waves, whereas the contribution from evanescent waves is explicitly related to a cross-product of angular spectrum amplitudes of opposite going (decaying) waves. Besides, the contribution from evanescent waves into this energy flux can also be related to the interference of opposite going (decaying) evanescent waves.
COEFFICIENT OF ENERGY EMISSION FROM EVANESCENT WAVE
Let an evanescent electromagnetic wave H evf =f be incident onto the right boundary plane of a dielectric medium. The limit relations (4) give the following expressions for the energy fluxes (5) on the left (8πω/c 2 )P z (0) = −(Ã † H prÃf ,f ) and the right (8πω/c 2 )P z (L) = −2 H evBf ,f + (B † H prBf ,f ) boundary planes. The first of these expressions actually represents the energy emission effect [2] from an evanescent wave. In a lossless dielectric medium, both expressions are equal to each other and so
This identity is written in terms of a scalar product for vector functions of k ⊥ and coincides with the projection of extended optical theorem [2] onto evanescent waves. The "dagger" superscript in (6) denotes a complex conjugate transpose of a tensor operator and the symbol means an imaginary part of the quantity. On the left hand side of identity (6), the quantity H evBf presents an evanescent component of the angular spectrum amplitude in reflection from a medium slab of an evanescent wave incident onto the slab, and the scalar product under the sign characterizes the interference of these two opposite going (decaying) evanescent waves.
An analogy can be derived between the identity (6) obtained for energy emission from an evanescent wave and the basic formula of wave extinction [7] as a result of interference of a propagating wave incident onto an object with a forward scattered propagating wave. To this end, let introduce, C emiss = 2 H evBf ,f , a coefficient of energy emission from an evanescent wave. This emission coefficient describes the energy transform from an evanescent wave incident onto a dielectric slab boundary to waves propagating in both directions of transmission through and reflection from the slab. Defined by identity (6), the emission coefficient magnitude is large enough to make negative the energy flux (5) on the right boundary plane of a dielectric slab, similar to the energy flux on the left boundary plane. Following the analogy with [7] , consider also the quantity Q emiss = (c 2 /8πω)C emiss /P 0 ⊥ whereP 0 ⊥ denotes a total energy flux in an evanescent wave incident onto the medium slab, evaluated along the direction perpendicular to that where this evanescent wave decays. The quantity Q emiss is a dimensionless efficiency factor of energy emission from an evanescent wave. The total energy flux mentioned above in an evanescent wave needs some comments. In the special case where an incident evanescent wave is a s-polarized plane electromagnetic wave, with the electric fieldẼ 0 α and the transverse component k ⊥ of the wave vector directed along the y-and x axes, respectively, the Poynting vector of an incident evanescent wave is directed along the x axis and given by (8πω/c 2 )P 0
Let the phase zero point of the incident evanescent wave be shifted to the boundary plane of incidence,
, and let's evaluate the energy flux in this wave across a (y, z)-plane area | y |≤ ∆L y /2 and 0 ≤ z ≤ L along the x axis. The total energy fluxP 0 x in the incident evanescent wave is given now by (8πω/c 2 )P 0
A similar result can be obtained for a more general case of an s-polarized incident evanescent quasi-plane wave beam if the above quantity P 0 x (z) is considered to be the Poynting's vector x-component averaged over the (x, y)-section of the incident evanescent beam.
DYSON EQUATION FOR ENSEMBLE-AVERAGED ANGULAR SPECTRUM AMPLITUDES
Apply the above technique based on identity (6) to study the energy emission from an evanescent wave at scattering by a 3D random lossless dielectric medium slab. We start with a general observation that the boundary problem (2) and (3) is equivalent to an integral matrix equation
In the right hand side of this equation the first term is a vector -column F (0) = (f,f ) with matrix elements taken from the boundary conditions (3). Integrand of the second term includes a diagonal matrix
, which is a special Green function of a homogeneous slab, with the Heaviside step function H(x) = 1 as x ≥ 0 and H(x) = 0 as x < 0. The last but one factor of the integrand is a matrix ν(z) = Σ z δS. Next we think ν(z) as random matrix process and make averaging the Equation (7) over the statistical ensamble of this matrix realizations. Using the Bourret approach [8] (see also [9] ) leads to a Dyson equation for the ensemble-averaged F (z) angular spectrum amplitudes
with a mass operator
The Dyson Equation (8) is solved in approximation of scalar waves for an s-polarized incident evanescent quasi-plane wave beam. We suppose also that a seeking solution F (z) is small changed in scale of correlation radius r 0 of the scattering potential correlation function V ( r)V ( r ) . Under adapted approximations a solution to Equation (8) is written in terms of effective complex dielectric permittivity 1 (k ⊥ ) of a random medium slab and leads to the following physically transparent expression for the ensemble-averaged coefficient of the energy emission from an incident evanescent wave C emiss = 2 (2π)
In the right hand side of this expression, the quantity R(
−1 is a usual coherent reflection coefficient of an s-polarized wave from a homogeneous slab with the effective dielectric permittivity (9) and γ 1k = k 2 1 − k 2 ⊥ where k 1 is the wave number in a medium with dielectric permittivity 1 (k ⊥ ).
For a random medium slab thick enough in the scale of an evanescent wave oscillation period in the transverse plane, k ⊥ L >> 1, let replace the reflection coefficient in the integrand of (9) by its limit for a semi-infinite slab taking approximately
. Substitution of the integral (9) into the expression for the efficiency factor of energy emission from an evanescent quasi-plane beam at scattering by a random medium slab gives
Here k 0x > k 0 and ∆L x are the transverse component of an incident evanescent beam wave vector and an effective x-dimension of the (x, y)-section of the beam, respectively. The last step is to estimate the effective dielectric permittivity imaginary part, which is accomplished with a simple formula, 1 (k 0x )/ 0 ≈ 2/k 0 , where 1/ = V 2 r 3 0 is the extinction coefficient [9] , with being the mean free path. This formula is derived in the limit of point effective inhomogeneities (scatterers) of the random medium, k 0x r 0 << 1.
The finally obtained expression Q emiss ≈ 2(k 0 /k 0x )(∆L x / ) means that the energy emission factor from an evanescent beam at scattering by a random medium of point scatterers varies inversely with the evanescent wave parameter k 0x /k 0 , which is large in the extreme near field limit, and directly with the beam linear dimension ∆L x / in the scale of the mean free path taken along the direction where an evanescent wave is oscillating.
CONCLUSION
Summarizing, an explicit relation between the effect of energy emission from an evanescent electromagnetic wave at scattering by a lossless dielectric structure and interference of an incident evanescent wave with an evanescent component in its reflection by the structure was established.
With this productive physical relation, the efficiency factor of energy emission from an evanescent quasi-plane beam at scattering by a 3D random medium slab in terms of imaginary part for effective complex dielectric permittivity was evaluated. It was found that the slab thickness can be of the order of an evanescent wave oscillation period along the slab boundary.
